We give a partial answer to the effective non-vanishing problem for algebraic surfaces in positive characteristic, and also give counterexamples for the Kawamata-Viehweg vanishing and the logarithmic semipositivity on ruled surfaces in positive characteristic.
Introduction
In this paper, we shall consider the following effective non-vanishing problem for algebraic surfaces in positive characteristic.
Problem 1.1. Let X be a normal proper variety over an algebraically closed field k of characteristic p > 0, B = b i B i an effective R-divisor on X such that (X, B) is Kawamata log terminal (KLT, for short). Let D be a nef Cartier divisor on X such that H = D − (K X + B) is nef and big. Does H 0 (X, D) = 0 hold?
The effective non-vanishing conjecture in characteristic zero has been put forward by Ambro and Kawamata (cf. [Am99, Ka00] ). This conjecture is closely related to the good divisor problem and has an important application to the ladder of log Fano varieties. This conjecture is easily verified in the curve case by using the Riemann-Roch theorem. The surface case has been proved by Kawamata by means of the logarithmic semipositivity theorem (cf. [Ka00] ). For the higher dimensional cases, the effective non-vanishing conjecture is still open, and only a few results are known (cf. [Xie05] ).
There are some motivations to consider the effective non-vanishing problem for algebraic surfaces in positive characteristic. Firstly, both the Kodaira type vanishing theorems and the semipositivity theorem do not hold in general. Secondly, the cyclic cover trick is no longer well-behaved. For instance, locally, Kawamata gave counterexamples which show that the index 1 cover of a log terminal surface is not necessarily of canonical singularities when char k=2 or 3 (cf. [Ka99] ). Globally, both the Kawamata-Viehweg vanishing and the logarithmic semipositivity fail even for ruled surfaces (cf. Theorem 1.3). Thirdly, there are several kinds of pathological surfaces appearing in the classification theory.
Note that in positive characteristic, the singularity assumptions, such as terminal, KLT etc., make sense, since we consider the discrepancy for all birational morphisms, but not for only one log resolution (cf. [KM98] ).
The following are the main theorems in this paper, which give a partial answer to Problem 1.1 in the surface case.
Theorem 1.2. With the same assumptions as in Problem 1.1. Assume that dim X = 2. Then we have
(1) H 0 (X, D) = 0 holds possibly except the following three cases: (C) X is a ruled surface with h 1 (O X ) ≥ 2; (D-I) X is a quasi-elliptic surface with χ(O X ) < 0; (D-II) X is a surface of general type with χ(O X ) < 0.
(2) In Case (C), H 0 (X, 2D) = 0 always holds. Furthermore, if X is relatively minimal, then H 0 (X, D) = 0 holds. Theorem 1.3. There are counterexamples for the Kawamata-Viehweg vanishing and the logarithmic semipositivity on ruled surfaces in any positive characteristic.
We always work over an algebraically closed field k of characteristic p > 0 unless otherwise stated. For the classification theory of surfaces in positive characteristic, we refer the reader to [Mu69, BM] or [Ba01] . For the definition of KLT singularity and some related results, we refer the reader to [KM98] . We use ≡ to denote numerical equivalence, and ∼ Q to denote Q-linear equivalence. easy to see that (Y, B ′ ) is also KLT. Note that H ′ = f * D − (K Y + B ′ ) is nef and big, and H 0 (X, D) = 0 is equivalent to H 0 (Y, f * D) = 0. On the other hand, by Kodaira's Lemma, we may assume that B ′ is a Q-divisor and H ′ is ample by adding a sufficiently small R-divisor to B ′ . Therefore we consider the following problem in what follows.
Problem 2.2. Let X be a smooth projective surface over an algebraically closed field k of characteristic p > 0,
Secondly, we have the following easy criterion for non-vanishing.
Proof. We have that h 2 (X, D) = h 0 (X, K X − D) = h 0 (X, −H − B) = 0 by Serre duality, hence the conclusion is obvious.
It follows from Serre duality that h 2 (X, O X ) = h 0 (X, K X ) = 0. We shall show that h 1 (X, O X ) = 0 by the following two lemmas.
Lemma 2.4. Assume that we are in Case (A). Then N E(X) = R + [l i ], where l i are rational curves on X (not necessarily extremal).
By permutation of the indices, we may assume that B 2 i < 0 for 1 ≤ i ≤ s, where 0 ≤ s ≤ m. By the cone theorem (cf. [Mo82, Theorem 1.4]), we have
where l 1 , · · · , l r are extremal rational rays and L = −(K X + B).
We claim that N E(X)
. Indeed, For any curve C, we may write C = lim( a i l i + c k z k ), where a i ≥ 0, c k ≥ 0 and z k ∈ N E K X +εL≥0 (X) are irreducible curves on X. By definition, for each k we have
Lemma 2.5. Assume that we are in Case (A). Let α : X → A be the Albanese map of X. Then q(X) := dim A = 0 and h 1 (O X ) = 0.
Proof. Let M be an ample divisor on A. By Lemma 2.4, for any curve C on X, we may write C = a i l i , where a i ≥ 0 and l i are rational curves on X. Since A contains no rational curves, α(l i ) is a point for each i. Then
hence α(C) is also a point. Thus α is constant and q(X) = 0. Note that the following inequalities hold (cf. [BM] ):
Hence h 1 (O X ) = q(X) = 0.
In total, in Case (A), we have χ(X, D) = χ(O X ) = 1 > 0. As a corollary, we know that any smooth projective surface with a log Fano structure is rational.
In Case (B), by the Riemann-Roch theorem, we have
Let us consider the remaining cases. Assume that X is not contained in Cases (A) or (B). Let Y be a relatively minimal model of X. If κ(Y ) = −∞, then Y must be a P 1 -bundle with c 2 (Y ) < 0, which is Case (C).
Case (C). D ≡ 0. There exist a smooth curve C with g(C) ≥ 2 and a surjective morphism f : X → C such that X is a ruled surface over C.
In characteristic zero, it is well-known that if c 2 (X) < 0, then X is ruled. A similar result holds in positive characteristic due to Raynaud and Shepherd-Barron (cf. [SB91, Theorem 7]).
Theorem 2.6. Let X be a smooth surface over an algebraically closed field k of positive characteristic. If c 2 (X) < 0, then X is uniruled. In fact, there exist a smooth curve C and a surjective morphism f : X → C such that the geometric generic fiber of f is a rational curve.
then Y must be a quasi-elliptic surface by the classification theory and Theorem 2.6. The last one is the case that X is of general type with χ(O X ) < 0. Therefore we have the following Case (D).
Case (D). D ≡ 0. There exist a smooth curve C and a surjective morphism f : X → C such that χ(O X ) < 0 and either (I) the geometric generic fiber of f is a rational curve with an ordinary cusp, or (II) the geometric generic fiber of f is a rational curve, and X is of general type.
In char k = 0, Case (D) cannot occur, and Case (C) is settled by Kawamata by using the logarithmic semipositivity theorem. Note that Case (D-I) can occur only if char k = 2 or 3 (cf. [BM] ), and the explicit examples have been given by Raynaud and Lang (cf. [Ra78, La79] ). For Case (D-II), we can restrict our attention to a small class by [SB91, Theorem 8], but until now, no example is known.
We shall discuss Case (C) in §3 and §4.
Counterexamples for the Kawamata-Viehweg Vanishing and the logarithmic semipositivity
When char k = p > 0, it is well-known that the Kodaira vanishing does not hold on surfaces in general. However, the Kodaira vanishing does hold on ruled surfaces, which was firstly proved by Tango (cf. [Ta72b] ). Furthermore, we have the following theorem due to Mukai (cf. [Mu79] ).
Theorem 3.1. Let X be a smooth projective surface over an algebraically closed field k of characteristic p > 0. If the Kodaira vanishing does not hold on X, then X must be a quasi-elliptic surface or a surface of general type.
Furthermore, we may ask whether the Kawamata-Viehweg vanishing holds on ruled surfaces. This problem is important because the Kawamata-Viehweg vanishing gives a sufficient condition for the effective non-vanishing in Case (C). Roughly speaking, the vanishing of H 1 (X, D) implies the nonvanishing of H 0 (X, D) by virtue of the Fourier-Mukai transform. This idea was firstly used in [CH02, CCZ05] . We recall the following theorem due to Mukai (cf. [Mu81, Theorem 2.2]).
Theorem 3.2. Let A be an abelian variety,Â its dual abelian variety, P the Poincaré line bundle on A ×Â. Then the Fourier-Mukai transform
Let F be a coherent sheaf on A. Assume that F is I.T. with index i 0 , i.e., for any P ∈ Pic 0 (A), H i (A, F ⊗ P ) = 0 for all i = i 0 . Then the dual sheafF = Φ P A→Â (F) is a locally free sheaf onÂ of rank h i 0 (A, F). Proposition 3.3. Assume that we are in Case (C). Furthermore, assume that H 1 (X, D + f * P ) = 0 for any P ∈ Pic 0 (C). Then H 0 (X, D) = 0.
Proof. Let α : X → A = Alb(X) be the Albanese map of X. Then α(X) = C ⊂ A. Let F = α * O X (D) be the coherent sheaf on A. Then we have that H i (X, D+α * P ) = R i α * (D+α * P ) = 0 for any P ∈ Pic 0 (A) and any i > 0 by the assumption and easy computations. It follows from the Leray spectral sequence that H i (A, F ⊗ P ) = 0 for any P ∈ Pic 0 (A) and any i > 0, hence F is I.T. with index 0. By Theorem 3.2, its dualF is a locally free sheaf of rank h 0 (A, F) = h 0 (X, D). If H 0 (X, D) = 0, thenF = 0, hence F = 0. Next we prove that F = 0. Consider the general fiber F of f : X → C, then the stalk of F at the general point of C is isomorphic to H 0 (F, D| F ) = 0 since D is nef and F ∼ = P 1 .
Remark 3.4. The proof of the non-vanishing for irregular surfaces in [CCZ05] used the Kollár vanishing theorem, however here we use the assumption on the Kawamata-Viehweg vanishing. Note that Proposition 3.3 also gives the other proof of the effective non-vanishing conjecture for surfaces in characteristic zero after Kawamata.
Even if the Kodaira vanishing holds on ruled surfaces, we cannot expect that the Kawamata-Viehweg vanishing holds on ruled surfaces in general. Next we shall give some counterexamples for the Kawamata-Viehweg vanishing on ruled surfaces, whose constructions are similar to those given by Raynaud which yield the counterexamples for the Kodaira vanishing on quasi-elliptic surfaces and general type surfaces (cf. [Ra78] ).
Definition 3.5. Let C be a smooth projective curve over an algebraically closed field k of characteristic p > 0. Let f ∈ K(C) be a rational function on C.
x is the divisor associated to the rational differential 1-form df , and [B] is the integral part of a Q-
Example 3.6. Let C be a smooth projective curve over an algebraically closed field k of characteristic p > 0. If n(C) > 0, then there are a P 1 -bundle f : X → C, an effective Q-divisor B and an integral divisor D on X such that (X, B) is KLT and H = D−(K X +B) is ample. However H 1 (X, D) = 0.
Let F : C → C be the Frobenius map. We have the following exact sequences of O C -modules:
where B 1 is the image of the map F * (d) : F * O C → F * Ω 1 C , and c is the Cartier operator (cf. [Ta72a] ).
Let L = O C (L) be a line bundle on C. Tensor (2) by O C (−L), we have: Tensor (1) by L −1 and take cohomology, we have:
Since η is injective, we may take the element 0 = η(df ) ∈ H 1 (C, L −1 ), which determines the following extension sequence:
Pull back the exact sequence (3) by the Frobenius map F , we have the following split exact sequence:
since the obstruction of extension of (4) is just F * η(df ) = 0. Let X = P(E) be the P 1 -bundle over C, f : X → C the projection, O X (1) the tautological line bundle. The sequence (3) determines a section E of f such that O X (E) ∼ = O X (1), and E corresponds to a section s ∈ H 0 (X, O X (1)) = H 0 (C, E) which is the image of 1 under the map H 0 (C, O C ) ֒→ H 0 (C, E). The sequence (4) induces an exact sequence:
It is easy to verify that both E and C ′ are smooth over k, and E ∩ C ′ = ∅.
( †) Assume that p ≥ 3.
It is easy to see that (X, B) is KLT. Since E 2 = deg E = deg L > 0, E is a nef divisor on X. On the other hand, E is f -ample, hence H is an ample Q-divisor on X. Next we show that H 1 (X, D) = 0.
Consider the Leray spectral sequence E i,j 2 = H i (C, R j f * ?) ⇒ H i+j (X, ?). Since E i,j 2 = 0 for i ≥ 2, by the five term exact sequence we have
By the relative Serre duality,
It is easy to verify that (X, B) is KLT and H is Q-ample. By the same argument, we have H 1 (X,
It is easy to verify that D is nef and |D| = ∅ in both cases. There do exist smooth curves C such that n(C) > 0 for each characteristic p > 0. For instance (cf. [Ra78] ), let h > 2 be an integer. Let C be the projective completion at infinity of the Artin-Schreier cover of the affine line defined by y hp−1 = x p − x. It is easy to verify that C is a smooth curve of genus g with 2(g − 1) = p(h(p − 1) − 2), and that (dy) = p(h(p − 1) − 2)z ∞ , where z ∞ is the infinity point of C. Note that n(C) = n(y) = h(p − 1) − 2 > 0, hence there do exist counterexamples for the Kawamata-Viehweg vanishing on ruled surfaces.
Furthermore, it follows that the Kawamata-Viehweg vanishing is a sufficient but not a necessary condition for the effective non-vanishing in Case (C).
Remark 3.7. Example 3.6 also gives the counterexamples of the Q-divisor version for the Kawamata-Viehweg vanishing. Indeed, we can take D − B as the required Q-divisor. However, for the nef and big version, there are no counterexamples yet as far as I know. So it is interesting to take the following problem into account, which is compared with Theorem 3.1.
Problem 3.8. Let X be a smooth projective surface over an algebraically closed field k of characteristic p > 0. Let D be an integral divisor on X such that D − K X is nef and big. Assume that X is neither quasi-elliptic nor of general type. Does H 1 (X, D) = 0 hold?
In characteristic zero, Kawamata settled Case (C) by means of the logarithmic semipositivity theorem (for its explicit statement, we refer the reader to Theorem 1.2 and Corollary 1.3 of [Ka00] ). In positive characteristic, the semipositivity of f * ω X/C is trivial for ruled surfaces, however we shall give counterexamples for the logarithmic semipositivity by the following example.
Example 3.9. For any characteristic p > 0, there are a P 1 -bundle f : X → C, an effective Q-divisor B ′ and an integral divisor
When p ≥ 5, the counterexample is just Example 3.6. We use the same notation and assumptions as in Example 3.6. Since H is ample, we can take
For p < 5, we need to modify Example 3.6 slightly. When p = 3, let
never be semipositive. When p = 2, we need an additional assumption that 1 3 L is integral, which can be realized by the projective completion of the Artin-Schreier cover of the affine line where h − 2 is divisible by 3. Let B = 5 6 C ′ ,
Furthermore, it is easy to verify that D is nef and |D| = ∅ in both cases, hence it follows that the logarithmic semipositivity is a sufficient but not a necessary condition for the effective non-vanishing in Case (C).
Remark 3.10. Let us compare the two approaches for proving the effective non-vanishing conjecture for surfaces in characteristic zero. Of course, we only need to treat Case (C). Since the semipositivity theorem can be deduced from the Kollár vanishing theorem (cf. [Ko86, Corollary 3.7]), the approach provided by Kawamata gives one diagram:
Kollár vanishing =⇒ semipositivity =⇒ logarithmic semipositivity =⇒ effective non-vanishing Proposition 3.3 also gives the other diagram: Kodaira vanishing =⇒ Kawamata-Viehweg vanishing =⇒ effective nonvanishing
In characteristic zero, the vanishing theorem is the start point of both approaches, and the cyclic cover trick plays a more important role in both proofs. However, Examples 3.6 and 3.9 show that, to some extent, the cyclic cover trick does not behave well in positive characteristic. It will turn out in the next section that without the cyclic cover trick, we could not deal with the case B = 0 effectively.
Ruled Surface Case
Firstly, we recall that there is a partial answer to the effective non-vanishing in Case (C), whose proof is numerical, hence valid in positive characteristic (cf. [Am99, Proposition 4.1(2a)]).
Proposition 4.1. Let F be the general fiber of f : X → C. If H.F > 1, then H 0 (X, D) = 0 (This is true even if H = D − (K X + B) is nef and big).
Proposition 4.1 guarantees the non-vanishing for the absolute case, i.e. B = 0 and D − K X is nef and big, since H.F ≥ −K X .F = 2 > 1. Hence we have to consider the case B = 0.
We shall prove the following theorem as a first step.
Theorem 4.2. In Case (C), assume furthermore that X is relatively minimal. Then H 0 (X, D) = 0. Let us fix some notation. Assume that f : X = P(E) → C is a P 1 -bundle over C associated to a normalized rank 2 locally free sheaf E on C. Let e = − deg E, E the canonical section of f with E 2 = −e, F the fiber of f . Note that the proof of Theorem 4.2 is also numerical, and that we only need the condition [B] = 0, so the KLT assumption of (X, B) is unnecessary.
Assume that e ≥ 0. It is easy to see that if L ≡ aE + bF is an irreducible curve on X, then either L = E, F or a > 0, b ≥ ae ≥ 0. Hence L 2 = a(2b − ae) ≥ 0 in the latter case. In other words, if L 2 < 0 then L = E and e > 0. We may write B = aE + B ′ with E ⊂ Supp B ′ . Then B ′ is nef, H + B ′ = D − (K X + aE) is ample and (H + B ′ ).F = (D − K X − aE).F ≥ 2 − a > 1. By Proposition 4.1, we have H 0 (X, D) = 0.
It remains to deal with the case e < 0. Let B = i∈I b i B i . If B 2 i ≥ 0, then B i is a nef divisor on X, and we can move b i B i from B, add b i B i to H and keep D unchanged to consider the non-vanishing problem. Hence we may assume that B 2 i < 0 for all i ∈ I. Since B i are numerically independent and ρ(X) = 2, we have |I| ≤ 1. Indeed, if B 1 , B 2 are distinct components of B, then we may write F ≡ c 1 B 1 + c 2 B 2 , where c i are rational numbers and at least one of c i is positive. If both c i > 0, then both B i .F = 0, hence
Therefore we have only to consider the following case:
Case (C-M). Let f : X → C is a P 1 -bundle over a smooth curve C of genus g ≥ 2 with invariant e < 0. Let D ≡ 0 be a nef divisor on X, B = cG, where 0 < c < 1 and G is an irreducible curve on X with G 2 < 0, such that H = D − (K X + B) is ample.
We need an easy lemma (cf. 
It follows from the Riemann-Roch theorem that
which also completes the proof of Theorem 4.2.
Let X be a smooth projective surface, B an effective Q-divisor such that (X, B) is KLT. Let D be a nef divisor on X such that H = D − (K X + B) is ample. Next, we consider the reduction of the effective non-vanishing problem for the triple (X, B; D) under the (−1)-curve contractions.
Let g : X → Y be a contraction of a (−1)-curve l ⊂ X. Assume that there exists a divisor D Y on Y such that D = g * D Y (this condition is equivalent to D.l = 0). It is easy to verify that D Y is nef. Let B Y := g * B be the strict transform of B. Then B Y is also an effective divisor with [B Y ] = 0. We may write
is also ample by the Nakai-Moishezon criterion.
Definition 4.5. Given a triple (X, B; D). Let g : X → Y be a birational morphism to a smooth projective surface Y . Assume that D is g-trivial, i.e. there exists a divisor D Y on Y such that D = g * D Y . Then the induced triple (Y, B Y ; D Y ) is called the reduction model of (X, B; D).
Note that H 0 (X, D) = H 0 (Y, D Y ), hence the reduction model does give a reduction to the effective non-vanishing problem. As an application of Theorem 4.2, we know that in Case (C) if (X, B; D) admits a relatively minimal reduction model, then the effective non-vanishing holds.
Remark 4.6. In general, given a birational morphism g : X → Y , e.g. Y is a relatively minimal model of X, even if D is not g-trivial, we also can define D Y = g * D as the push-out of algebraic cycles. It is easy to verify that D Y is nef and D Y −(K Y +B Y ) is ample. However this model is not good, since the pair (Y, B Y ) is not necessarily KLT, and in general, H 0 (X, D) = H 0 (Y, D Y ) does not hold by observing the following two examples.
Example 4.7. Let X be a smooth projective surface, B 1 a (−1)-curve and B 2 , B 3 smooth curves on X such that B 1 , B 2 , B 3 intersect transversally at one point p ∈ X. Let B = 2 5 B 1 + 4 5 B 2 + 3 4 B 3 . Then we can verify that the pair (X, B) is KLT by blowing up at p. Let g : X → Y be the contraction of B 1 . Then the pair (Y, B Y ) is not KLT since the discrepancy of the exceptional divisor with center p is − 11 10 < −1. Let X = F 1 be the Hirzebruch surface, g : X → Y = P 2 the contraction of the (−1)-section, D the fiber of X over P 1 . Then D Y = g * D is a line in P 2 . It is easy to see that
Let us return to the argument of the effective non-vanishing problem on ruled surfaces. Proof. By Theorem 4.2, we may assume that X is not relatively minimal.
(1) D.F = 0 By assumption, X contains a (−1)-curve l which is contained in some fiber F 0 of f . The inequality 0 ≤ D.l ≤ D.F 0 = 0 implies that D.l = 0. We may consider the contraction g : X → Y of l and the reduction model (Y, B Y ; D Y ). Since D Y .F = D.F = 0, finally we can obtain a relatively minimal reduction model by induction.
(2) D.F = 1 By a similar way, we may contract all (−1)-curves l with D.l = 0, at last, to obtain a reduction model (Y, B Y ; D Y ) such that D Y is positive on any (−1)-curve on Y . We claim that Y is relatively minimal. Otherwise, there exists a (−1)-curve l 0 contained in some fiber F 0 = r i=0 l i such that all of l i are smooth rational curves with negative self-intersections. The inequality 0 < D Y .l 0 ≤ D Y .F 0 = D.F = 1 implies that D Y .l 0 = 1 and D Y .l i = 0 for all i > 0, hence l i are not (−1)-curves and K Y .l i ≥ 0 for all i > 0. Thus we have −2 = K Y .F 0 = K Y .l 0 + r i=1 K Y .l i ≥ −1, a contradiction.
Remark 4.9. The proof of the case D.F = 1 in Lemma 4.8 has already appeared in that of Proposition 4.1(2b) of [Am99] . However, there is a mistake in the remaining argument of the relatively minimal case. So we give a complete proof here for the convenience of the reader.
Due to an idea of Ambro, we can give the following partial results.
Proposition 4.10. In Case (C), H 0 (X, 2D) = 0 always holds. Furthermore, if the Iitaka dimension κ(X, −K X ) ≥ 0, then H 0 (X, D) = 0 holds.
Proof. By Lemma 4.8, we may assume that a = D.F ≥ 2. Apply [Am99, Lemma 4.2] to D/a, then we have χ(O X ) ≥ −D(D + aK X )/2a 2 , hence
If κ(X, −K X ) ≥ 0, then we have D.K X ≤ 0, hence
It is expected that the effective non-vanishing should hold in Case (C) in positive characteristic. However here, we can only give some evidences. Until now, we cannot say anything for quasi-elliptic surfaces and general type surfaces whose Euler-Poincaré characteristics are negative. It is expected that there would exist counterexamples for the effective non-vanishing in Case (D). We shall treat these in a subsequent paper.
